Robust and fragile Werner states in the collective dephasing 
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We investigate the concurrence and Bell violation of the Standard Werner state or Werner-like 
states in the presence of collective dephasing. It is shown that the Standard Werner state and 
certain kinds of Werner-like states are robust against the collective dephasing, and some kinds of 
Werner-like states is fragile and becomes completely disentangled in a finite-time. The threshold 
time of complete disentanglement of the fragile Werner-like states is given. The influence of external 
driving field on the finite-time disentanglement of the Standard Werner state or Werner-like states 
is discussed. Furthermore, we present a simple method to control the stationary state entanglement 
and Bell violation of two qubits. Finally, we show that the theoretical calculations of fidelity based 
on the initial Werner state assumption well agree with previous experimental results. 
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Quantum entanglement plays a crucial role in quan- 
tum information processes [lj . Entanglement can exhibit 
the nature of a nonlocal correlation between quantum 
systems that have no classical interpretation. However, 
real quantum systems will unavoidably be influenced by 
surrounding environments. The interaction between the 
environment and quantum systems of interest can lead to 
decoherence. Certain kind of the decoherence is the col- 
lective dephasing, which occurs in the physical systems 
such as trapped ions, quantum dots, or àtoms inside a 
cavity. Collective dephasing allows the existence of the 
so-called decoherence-free subspace 0. 

Recently, the Werner or Werner-like states @, 0, H, @ 
has intrigued many interests for the applications in quan- 
tum information processes. Lee and Kim have discussed 
the entanglement teleportation via the Werner states 
0. Hiroshima and Ishizaka have studied the entangle- 
ment of the so-called Werner derivative, which is the 
state transformed by nonlocal unitary-local or nonlocal- 
operations from a Werner state ||. Miranowicz has ex- 
amined the Bell violation and entanglement of Werner 
states of two qubits in independent decay channels 0- 
The experimental preparation and characterization of the 
Werner states have also been reported. An experiment 
for preparing the Werner state via spontaneous paramet- 
ric down-conversion has been put forward [ï(i| . Altepeter 
et al. have experimentally produced the Werner state 
and applied it in the ancilla-assisted process tomography 
Barbieri et al. have presented a novel technique 
for generating and characterizing two-photon polariza- 
tion Werner states 0] , which is based on the peculiar 
spatial characteristics of a high brilliance source of en- 
tangled pairs. 

The disentanglement of entangled states of qubits is a 



very important issue for quantum information processes, 
such as the sòlid state quantum computation. Yu and 
Eberly have found that the time for decay of the qubit 
entanglement can be significantly shorter than the time 
for local dephasing of the individual qubits 0, 0] . In 
this paper, we investigate the entanglement and Bell vio- 
lation of the Standard Werner state or Werner-like states 
in the presence of collective dephasing. The entangle- 
ment quantified by the concurrence and Bell violation of 
the collective dephasing Werner-like state are analyzed. 
We find that the Standard Werner state and certain kinds 
of Werner-like states are robust against the collective de- 
phasing, and some kinds of Werner-like states are fragile 
and become completely disentangled in a finite-time. The 
threshold time for the complete disappearance of the en- 
tanglement of the fragile Werner-like states is obtained. 
We also provide an explicit examplc to clarify how the 
pure maximally entangled states of two qubits can be- 
come separable in the finit e time due to the joint action 
of collective dephasing and the external driving fields. 

Meanwhile, there have been several proposals for con- 
trolling the entanglement of the qubits in the presence 
of dephasing or dissipation, such as quantum error- 
correcting app roach [la . Il(i fl7| , quantum error-avoiding 
approach and loop control str afegies [2(j etc. 

Here, we present a possible way to preserve the entan- 
glement of two qubits initially in the fragile entangled 
state under the collective dephasing environment. It is 
shown that the external local driving field with an ap- 
propriate finite action time can effectively transform the 
fragile entangled state into a robust entangled state. 

The Standard two-qubit Werner state is defined by 
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where r € [0,1], and \^~) is the singlet state of two 
qubits. I is the identity operator of a single qubit. Re- 
cently, definition (1) is generalized to include the follow- 
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ing states of two qubits 



p w = r\M)(M\ 



1 -r 



-I ® I, 



(2) 



where \M) are any two-qubit maximally entangled states. 
Both the Werner state (1) and the Werner-like state (2) 
are very important in quantum information. The Werner 
state (1) is highly symmetric and SU (2)®SU(2) invariant 

The collective dephasing can be described by the mas- 
ter equation 0] 



dp 
dt 
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where 7 is the dephasing rate. J z are the collective spin 
operator defined by 



In order to quantify the degree of entanglement, we adopt 
the concurrence C defined by Wooters [22J. The concur- 
rence varies from C = for an unentangled state to C = 1 
for a maximally entangled state. For two qubits, in the 
"Standard" eigenbasis: |1) = |11), |2) = 1 10) , |3) = |01), 
|4) = 1 00} , the concurrence may be calculated explicitly 
from the following: 



C = max{Ai — A2 — A3 — A4,0}, 



(8) 



where the A;(z = 1,2,3,4) are the square roots of the 
eigenvalues in decreasing order of magnitude of the " spin- 
flipped" density matrix operator R = p s (o- y ®a v )p*{a v ' ® 
a y ), where the asterisk indicates complex conjugation. 
The concurrence related to the density matrix p^y (t) can 
be written as 



C(t) = max(0, 
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(9) 



(4) 



i=l 



where ò z for each qubit is defined by à z = |1) (1| — 
Firstly, it is obvious that the Standard Werner state (1) is 
completely decoupled from the collective dephasing. So 
in the presence of collective dephasing, the state (1) be- 
longs to the decoherence-free subspace, and it maintain 
its entanglement invariant. Thcn, wc want to know how 
the collective dephasing affects the Werner-like states de- 
fined by Eq.(2). For simplicity, we only consider three 
states defined by Eq.(2) in which the maximally entan- 
gled states are the Bell triglet states. If two qubits are 
initially in the Werner-like state 



p w = r\* + ){& 
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From Eq.(9), we can know that, different from the Stan- 
dard Werner state described by Eq.(l) and r* | \E r_l " } {M/ -1- 1 + 
<g> I, the Werner-like state r|$ ± )($ ± | + ^1 ® I 
rapidly loses its entanglement in the presence of collec- 
tive dephasing. The threshold time t c beyond which the 
entanglement of two qubits completely disappears can be 
obtained as 



27 1 2r 1 



(10) 



Being similar to the results in Ref.|23|, the Werner-like 
state described by Eq.(5) is completely disentangled in a 
finite time due to the collective dephasing if the initial 
parameter r =/= 1. It is also interesting to investigate how 
the collective dephasing affects the mixedness defined by 
M = |(1 — Trp 2 ). The mixedness of the time evolution 
density matrix (6) can be calculated as 



where |*+) is one of the Bell states |*+) = ^(|10) + 
1 01) ) , the collective dephasing does not change the form 
of r|*+)(í' + | + ® I. So both the Standard Werner 
state and the Werner-like state r|*+)(í' + | + ® I 
belong to the decoherence-free subspace of the collective 
dephasing. They are robust states against the collective 
dephasing. Are all of the Werner-like states robust states 
against the collective dephasing? The answer is no. Now 
we consider another Werner-like state 
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where |$ ± ) is the Bell states |$ d 



= #(|H) 



(6) 
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is assumed that the initial state of master equation (3) 
is p^jy. Then its time evolution density matrix can be 
expressed as 



-4r/t 



(11) 



When jt — * 00, the final mixedness of the state in Eq.(6) 
equals to 1 — r ^-. It is shown that the state r|$ ± )(<I> ± | + 
-^/(g) I loses its purity in the collective dephasing. The 
larger the parameter r, the smaller the final mixedness. 

In the following, we attempt to discuss how the collec- 
tive dephasing affects the Bell violation of the Werner- 
like states. Bell violation is not an entanglement mea- 
sure. Those states violating the Bell inequality must be 
nonseparable. However, certain kinds of entangled states 
may not violate the Bell inequality. The most commonly 
discussed Bell inequality is the CHSH inequality 0, |25| . 
The CHSH operator reads 

B = a-a® (b + 9) ■ a + al ■ a <g> (6- 9) ■ a, (12) 



/9 ±(í) = re-^ í |$ ± )($ ± | + ^I®/ 
+ r -(í - e - 2 ^)|ll)(ll| + r -(l - e- 2 ^)|00)(00|. (7) 



where a,a',b,b' are unit vectors. In the above notation, 
the Bell inequality reads 



(B)\ < 2. 



(13) 



The maximal amount of Bell violation of a state p is given 
by ü 



£ = 2\/A + A, 



(14) 



where A and À are two largest eigenvalues of T^T p . 
The matrix T p is dctcrmincd completely by the corre- 
lation functions being a 3 x 3 matrix whose elements are 
(Tp)nm = Tr(/9cr n ® a m ). Here, o\ = a x , ai = a v , and 
(T3 = a z denote the usual Pauli matrices. We call the 
quantity B the maximal violation measure, which indi- 
cates the Bell violation when B > 2 and the maximal 
violation when B = 2\/2. For the density matrix pt^{t) 
in Eq.(6), A + A can be written as follows 



(15) 



The threshold time t c beyond which the collective de- 
phasing Werner-like state does not violate the Bell-CHSH 
inequality can be given by 



1 1 - r 2 

A-f r 2 ■ 



(16) 



Eqs. (14-15) show that, if r ^ 1, i.e. the initial state is 
not a maximally entangled state, the dephasing Werner- 
like state in Eq.(7) rapidly loses its nonlocality in a finite 
time. The smaller the initial entanglement, the more 
rapidly the nonlocality completely disappears. In Fig.l, 
the threshold time t c and t h c concerning the completo dis- 
cntanglement and the disappearance of nonlocality of the 
state (7) respectively, have been plotted as the function 
of the parameter r. It implies that both the entangle- 
ment and nonlocality are completely destroyed in a finite 
time if the initial state is not pure. While the collective 
dephasing can not completely destroy nonlocality and 
entanglement of the pure Bell states |$ ± ) in the finite 
time. According to two threshold times, we can classify 
the Werner-like state (6) by making use of the param- 
eter r or the initial mixedness. If r = 0, the state (6) 
reduces to the maximally mixed state. In the range of 
< r < i, the states in Eq.(6) are separable. In the 

range of ^ < r < they are entangled but not non- 

local. In the range of < r < 1, they are inseparable 
and nonlocal, and both their nonlocality and entangle- 
ment can be completely destroyed by the collective de- 
phasing. Recently, Yu and Eberly have shown a novel 
phenomenon that, under the influence of pure vacuum 
noise two entangled qubits become completely disentan- 
gled in a finite-time |23J . In a specific example they have 

found the time to be given by ln(l + -^) times the usual 
spontaneous lifetime. Here, we have obtained a similar 
result that in the presence of collective dephasing, two 
initial mixed entangled qubits become completely disen- 
tangled in a finite-time. It is conjectured that, in this 
case, the initial mixedness is an essential fact whether 
two entangled qubits become completely disentangled in 
a finite-time or not. In fact, previous work concerning the 
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FIG. 1: The threshold time 7Í C and "yt c of the concurrence 
and the maximal Bell violation respectively, are plotted as 
the function of the parameter r for the collective dephasing 
Werner-like states in Eq.(7). (Sòlid line) jt c in Eq.(10); (Dash 
line) 7Í^ in Eq.(16). It is shown that both "ft c and 7í£ increase 
with r. 



interaction between a initial mixed qubit and the thermal 
field in the presence of pha se decoherence have revealed 
some analogical results [23 ■ 

It is also very interesting to investigate how an external 
driving field affects the complete disentanglement time in 
this situation. If the external driving fields are taken into 
account, the master equation (3) should be replaced by 



dt 2 l 1 x 



n 2 à?\iï + l(2j z pj z -j 2 p-pj 2 z ), 

(17) 

where 57^ (i = 1,2) are the intensity of the external 
driving field acted on the ith qubit. à x for each qubit 
are defined by ò x = |1)(0| + |0)(1|. In the case with 
íii = 0,2 = fi, the Standard Werner state is still decou- 
pled from the above master equation, while other Werner- 
like states lose their entanglement. In order to know 
whether r|*+) (*+| + and r|$ ± ) ($± | + ±^ I® I 

can be completely disentangled in a finite time or not, 
it is sufficient to verify Bell states \^ + ) and l^*) are 
completely disentangled in their evolutions governed by 
Eq.(17). In Fig.2, the dynamical behaviors of concur- 
rence of two qubits initially in Bell triplet states gov- 
erned by Eq.(17) are displayed. It is shown that all of 
Bell triplet states are completely disentangled in a finite 
time, which imply all of the Werner-like states defined 
by Eq.(5) and Eq.(7) are finite-time disentangled in the 
joint action of the collective dephasing and external driv- 
ing fields. From Fig.2, it can be observed that most 
rapidly loses its entanglement among all of Bell triplet 
states. In the case with Çl\ 7^ ÍI2, the Bell singlet state 
is no longer decoupled from the Eq.(17). In Fig.3, we 
show that four Bell states become complete disentangle- 
ment in the finite time in the situation with Qi = 7 and 
il 2 = 0. The partially driving field acting on the qubit 1 
destroys the symmetry of the pure collective dephasing 
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FIG. 2: The dynamical behaviors of concurrence of two qubits 
initially in Bell triplet states governed by Eq.(17) are dis- 
played as the function of the dephasing time yt for different 
vàlues of Qi = 0,2 = SI. (Sòlid line) Q = 7, (Dash line) 
Q — 27, (Dot line) Í2 = 37. (a) two qubits are initially in 
|4>~); (b) two qubits are initially in |$ + ); (c) two qubits are 
initially in |\I r+ ). It is shown that all of Bell triplet states 
become separable in different finite times in the joint action 
of collective dephasing and driving fields. In the case without 
the driving fields, Bell triplet states can not become separable 
in finite time. 
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FIG. 3: The dynamical behaviors of concurrence of two qubits 
initially in four Bell states governed by the master equation 
(17) are displayed as the function of the dephasing time 7Í 
with íïi — 7 and ÍI2 = 0. (Dash line) two qubits are initially 
in |$ ); (Dot line) two qubits are initially in l^*); (Sòlid line) 
for comparison, we display the asymptotic disentanglement 
of two qubits initially in |$ ) in the presence of the pure 
collective dephasing without any external driving fields. 

and forces the Bell singlet state out of the decoherence- 
free subspace. Nevertheless, | v I /± ) are more robust than 
|$ ) in this case, and the threshold time corresponding 
to the complete disentanglement of two qubits initially 
in |í ,± ) is about twice as large as the one corresponding 
to the complete disentanglement of two qubits initially 
in |$±). 

In what follows, we briefly discuss a possible scheme to 
prevent the fragile entangled states from complete disen- 
tanglement under the action of collective dephasing. We 
assume that only one of two qubits is driven by a time- 
dependent external field. For simplicity, the time depen- 
dence of the external driving field is suggested to be the 
form of the unit step function. The dynamics of two 
qubits can be described by the following master equation 

% = -![k(*)4 x \p] + \WJz - JlP-pJl), (is) 

where £i(í) = (i<d(T — t) is the intensity of the time- 
dependcnt external driving field acted on the qubit 1, 
and Q(x) is the unit step function and equals one for 
x > and equals zero for x < 0. In previous experimen- 
tal verification of the decoherence-free subspace [2^] , the 
external driving field and the collective dephasing are not 
simultaneously acted on the qubits. It is obvious that the 
local external driving field Çiityaí 1 ^ can interconvert the 
Bell states without the simultaneous presence of collec- 
tive dephasing. Nevertheless, it is desirable to determino 
the influcnce of the variation of T on the eventual station- 
ary state entanglement when the driving field and the col- 
lective dephasing are simultaneously acted on the qubits 
in some realistic situations. Our numerical calculations 
show that the external field with an appropriate value of 
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tal results. In ref.|28(, Kwiat et al. have presented the 
experimental verification of decoherence-free subspace in 
the system of polarized photons. For investigating the in- 
fluence of collective dephasing on the initial state, one can 
adopt the general fidelity F(p Í7 pf) = [^{^/pïpfy/pï) 1 ^ 2 ] 2 
|29j . where pi is the initial state and pf the final state. 
The fidelity between the initial Werner-like state p w in 
Eq.(6) and the corresponding dephasing state p^(í) in 
Eq.(7) can be calculated as 



1 



F w = —[2(1 -r) + v/(l + 3rÏÏÏ + r + 2re~ 2 ^) 
lo 



V(l-0(l + Kl-2e- 2 ^))] 5 



(19) 



which decreases with r and t. In this case, the minimal 
value of Fw is 0.5 at r — 1 and t — > oo. The collec- 
tive dephasing in the experiment of Kwiat et al. can 
be described by the following master equation which is 
equivalent to the Eq.(3) under the local unitary transfor- 
mat ion. 



dt = 2 {2JepJe 



JeP- 



pJè), 



(20) 



where Jg are the collective spin operator defined by 
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FIG. 4: The stationary state concurrence C s (a) and the sta- 
tionary state Bell violation |B' s '| ma x (b) of two qubits ini- 
tially in the Bell states |$ + ) governed by the master equation 
(17) are displayed as the function of the scaled action time 
7T with £1/7 = 41.25. In this case, when 7T > 2, there is 
not any stationary state entanglement between two qubits. 



T can transform the initial fragile cntanglcd state |$ + ) 
into a stationary entangled state even if the collective 
dephasing is always presence. In Fig.4, the stationary 
state concurrence C s and the stationary state Bell viola- 
tion \B^ s '\ max of two qubits are plotted as the function 
of the parameter 7T. It is shown that, if only the value 
of C1/7 is large enough, one can maintain the entangle- 
ment and Bell violation of two qubits initially in a very 
fragile entangled state by making use of the local driving 
field with an appropriate action time T. We can see that 
the stationary state entanglement firstly increases with 
7T, and achieves a local maximal value, then decreases 
with 7T. Similar behaviors are repeated again when the 
scaled action time 7T is further enlarged. The station- 
ary state Bell violation also oscillates with 7T. The above 
calculations show one can effectively transform the frag- 
ile entangled state into a robust entangled state. This is 
meaningful and very important in many areas of quan- 
tum information processes. 

Finally, we attempt to discuss the theoretical results 
about the fragile and robust Werner state in collective 
dephasing by comparing them with previous experimen- 



where àg for each qubit is defined by àg — cos 28à z + 
sm29à x . Throughout the following calculations, we 
choose 9 = 17° for representing the realistic situation 
in Ref.j2^]. The fidelity between the initial Werner-like 
states and corresponding stationary state of Eq.(20) for 
three different initial states has been calculated and the 
results are depicted in Fig.5. It was found that the fi- 
delities decrease with r and the theoretical results excel- 
lently agree with the experimental data in Ref.psjl. By 
comparing two table.l in present paper and in Ref. |28|| . 
it may be interesting that the initial states in [2^ look 
like the Werner or Werner-like states with very high pu- 
rity. In Fig.6, the evolution of fidelities are investigated 
for three different initial states. It is shown that the fi- 
delity decreases with dephasing time and eventually stays 
at a fixed value, which implies that these chosen ini- 
tial states are out of the decoherence-free subspace of 
Eq.(20). It is shown that evolving fidelity of the initial 
state 0.99|$~)(<ï>~| + -^1 <g> I is larger than the one of 
0.991$+) ($+| + -L/ ®I in short time. 

In summary, we investigate the concurrence and Bell 
violation of the Standard Werner state or Werner-like 
states in the presence of collective dephasing. By mak- 
ing use of the analytical expressions of the concurrence 
and Bell violation obtained in the present paper, we 
find that the Standard Werner state and certain kinds 
of Werner-like states are robust against the collective de- 
phasing, and some kinds of Werner-like states is frag- 
ile and becomes completely disentangled in a finite-time. 
The threshold time of complete disentanglement of the 
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FIG. 5: The fidelity F = [Tr{^p fy /pl) 1/2 ] 2 for three kinds 
of initial states and their corresponding complete dephasing 
states are plotted as the function of the parameter r. (Sòlid 
line) p % = p+ = r|$+)('ï> + | + ^/®/; (Dash line) p z = p^ = 
r|$"}($-| + 1=^1 ®I; (Dot line) Pi = p' w = r|*+)<*+ + 
i=£J® J. It is shown that F(p' w ) > F{p+ V ) > F(p~ v ) for any 
non-zero vàlues of r, where we have simplified the expression 
F(pi,pf) as F(pí). This simplification has also been adopted 
in table.l. 



r 


1 


0.99 


0.98 


0.97 


Fi 


0.500 


0.552 


0.575 


0.592 


F 2 


0.334 


0.403 


0.434 


0.457 


F 3 


0.521 


0.582 


0.606 


0.625 


F 4 


1.000 


1.000 


1.000 


1.000 



TABLE I: The fidelities Fi (i = 1, 2, 3, 4) of the initial states 

Pw ( in E q-(6)),Pw- ( in Ec l-( e ))>Pw (in Eq.(5)),pw (in Eq.(l)) 
and their corresponding stationary states of Eq.(20) in order 
are listed for different vàlues of r. Fi = F(p^ v ); F2 = F(p^y); 
Fz = F(p' w ); Fi = F(pw)- We can see that present theoreti- 
cal calculations based on the Eq.(20) and the initial Werner- 
like state assumption well agree with the experimental data 
in table.l ofRef.@. 

fragile Werner-like states is analyzed. We conjecture 
that the initial mixedness is an important fact to deter- 
mine whether two cntangled qubits become completely 
disentangled in a finite-time or not in the pure collec- 
tive dephasing. Moreover, the threshold time concerning 
the complete disappearance of the Bell violation of some 
kinds of fragile Werner-like states is also obtained. Fur- 
thermore, we investigate how an external driving field 
affects the completely disentanglement time and clarify 
that the pure maximally entangled states of two qubits 
can become separable in the finite time in this situa- 
tion. Since the Standard Werner state or Werner-like 
states play a special role in some quantum information 
processes, such as quantum teleportation, our results 
may have potential applications in quantum teleporta- 



tion |3Ct l3l| or other remote quantum information pro- 
cesses. 

We also discuss the possible way to transform the frag- 

1 
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FIG. 6: The hdelities for three kinds of initial states and 
their corresponding evolving states governed by Eq.(20) are 
plotted as the function of 7Í. The initial Werner-like states 
with r = 0.99 are chosen for calculating all of three curves. 



ile entangled state into the robust entangled state in the 
collcctive dephasing environment. It is shown that a lo- 
cal external driving field with an appropriate finite action 
time can cffectivcly maintain both the cntanglcmcnt and 
Bell violation of two qubits even if the collective dephas- 
ing is presence from beginning to end. 

Recently, the quantum information processes in the 
presence of the collective dephasing have intrigued much 
attention 

El mS ü. Khodjasteh and Lidar have 
investigated the universal fault-tolerant quantum compu- 
tation in the presence of spontaneous emission and col- 
lective dephasing j33|. Hill and Goan have studied the 
effect of dephasing on proposed quantum gates for the 
solid-state Kane quantum computing architecture [33J. 
In the future work, it may be very interesting to apply 
the present results to discuss the influence of collective 
dephasing on gate fidelity of remote quantum computa- 
tion. 

Finally, we also compare the theoretical results about 
the fidelity of the initial Werner-like state in the presence 
of collective dephasing with recent experimental data of 
Kwiat et al 28] . It is shown that they are consistent with 
each other. 
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